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Hybrid Correlation Energy (HyCE): An Approach Based on Separate
Evaluations of Internal and External Components
Abstract
A novel hybrid correlation energy (HyCE) approach is proposed that determines the total correlation energy
via distinct computation of its internal and external components. This approach evolved from two related
studies. First, rigorous assessment of the accuracies and size extensivities of a number of electron correlation
methods, that include perturbation theory (PT2), coupled-cluster (CC), configuration interaction (CI), and
coupled electron pair approximation (CEPA), shows that the CEPA(0) variant of the latter and triples-
corrected CC methods consistently perform very similarly. These findings were obtained by comparison to
near full CI results for four small molecules and by charting recovered correlation energies for six steadily
growing chain systems. Second, by generating valence virtual orbitals (VVOs) and utilizing the CEPA(0)
method, we were able to partition total correlation energies into internal (or nondynamic) and external (or
dynamic) parts for the aforementioned six chain systems and a benchmark test bed of 36 molecules. When
using triple-ζ basis sets it was found that per orbital internal correlation energies were appreciably larger than
per orbital external energies and that the former showed far more chemical variation than the latter.
Additionally, accumulations of external correlation energies were seen to proceed smoothly, and somewhat
linearly, as the virtual space is gradually increased. Combination of these two studies led to development of
the HyCE approach, whereby the internal and external correlation energies are determined separately by
CEPA(0)/VVO and PT2/external calculations, respectively. When applied to the six chain systems and the
36-molecule benchmark test set it was found that HyCE energies followed closely those of triples-corrected
CC and CEPA(0) while easily outperforming MP2 and CCSD. The success of the HyCE approach is more
notable when considering that its cost is only slightly more than MP2 and significantly cheaper than the CC
approaches.
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ABSTRACT: 
A novel Hybrid Correlation Energy (HyCE) approach is proposed that determines the 
total correlation energy via distinct computation of its internal and external components. 
This approach evolved from two related studies. First, rigorous assessment of the 
accuracies and size extensivities of a number of electron correlation methods, that include 
perturbation theory (PT2), coupled-cluster (CC), configuration interaction (CI) and 
coupled electron pair approximation (CEPA), shows that the CEPA(0) variant of the 
latter and triples-corrected CC methods consistently perform very similarly. These 
findings were obtained by comparison to near Full CI results for four small molecules 
and by charting recovered correlation energies for six steadily growing chain systems. 
Second, by generating valence virtual orbitals (VVOs) and utilizing the CEPA(0) 
method, we were able to partition total correlation energies into internal (or non-
dynamic) and external (or dynamic) parts for the aforementioned six chain systems and a 
benchmark test bed of 36 molecules.  When using triple-zeta basis sets it was found that 
per orbital internal correlation energies were appreciably larger than per orbital external 
energies, and that the former showed far more chemical variation than the latter.  
Additionally, accumulations of external correlation energies were seen to proceed 
smoothly, and somewhat linearly, as the virtual space is gradually increased.  
Combination of these two studies led to development of the HyCE approach, whereby the 
internal and external correlation energies are determined separately by CEPA(0)/VVO 
and PT2/external calculations, respectively.  When applied to the six chain systems and 
the 36-molecule benchmark test set it was found that HyCE energies followed closely 
those of triples-corrected CC and CEPA(0) while easily outperforming MP2 and CCSD.  
The success of the HyCE approach is more notable when considering that its cost is only 
slightly more than MP2 and significantly cheaper than the CC approaches. 
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1. INTRODUCTION 
   It is well known that in order to achieve chemical accuracy, quantum chemistry 
calculations must include an accurate computation of the electron correlation energy, 
whether via Density Functional Theory
1
 or explicit wave function methods. With regards 
to the latter the most accurate are r12-type strategies
2
 and the Full Configuration 
Interaction (FCI)
3
 method.  However, since both approaches quickly become intractable 
with molecular size, cheaper techniques must be utilized in practice. 
   Many-body perturbation theory
4
 and coupled-cluster (CC) methods
4
 are commonly 
viewed as the most practical means for the quantitative recovery of electron correlation.  
A commonly used computational ranking protocol
5
 is (starting with the least accurate):  i) 
uncorrelated Hartree-Fock (HF)
6
 theory, ii) second-order Møller-Plesset perturbation 
theory (MP2)
7
, which is equivalent to second-order many-body perturbation theory 
MBPT(2)
8
, iii) iterated coupled-cluster at single and double excitations (CCSD)
9
, iv) 
perturbative triple excitation corrected CCSD such as CCSD(T)
10,11
 or CR-CC(2,3)
12,13,14
, 
v) fully converged CCSDT
15
, and vi) fully converged CCSDTQ
16,17,18
 (which includes 
quadruple excitation terms).  The formal computer time requirements for these six steps 
are O(N
4
), O(N
5
), O(N
6
), O(N
7
), O(N
8
), and O(N
10
) respectively, where N is the 
molecular size.  Of course, the gain in accuracy closely tracks the effort expended:  Head-
Gordon
5
 suggests MP2 recovers 80% of the correlation error, which falls short of reliable 
chemical accuracy.  Head-Gordon further asserts that CCSD recovers ~95% of the 
correlation energy, and that CCSD(T) reduces the remaining error "by a factor of 5 or 
10", thus arriving at chemically reliable energies. 
   In the early days of quantum chemistry, the Configuration Interaction (CI) method
19
 
with variational linear CI coefficients was used to treat correlation effects in small 
molecules.  However, the lack of size extensivity in truncated (or non-full) CI 
calculations is a severe defect.  Singles and doubles CI (CISD) recovers a smaller 
percentage of the correlation energy as the system grows in size, quickly rendering it 
useless.  CI with higher excitation levels, such as CISDTQ which includes triple and 
quadruple excitations, also deteriorates, albeit more slowly, but with much higher 
computational demand than the O(N
6
) effort required for CISD.  The +Q 
Davidson/Siegbahn correction
20,21
 was an early a posteriori attempt to account for the 
size extensivity error in CISD.  Conversely, Coupled Electron Pair Approximation 
(CEPA) approaches
22,23,24,25,26
 include an a priori extensivity correction directly into the 
CISD iterations.  Since the Coupled Pair approaches are perhaps less familiar, additional 
information on them, and their equivalence to linearized Coupled-Cluster methods will be 
given below in the Methods section. 
   The purpose of this paper is to suggest a Hybrid Correlation Energy (HyCE) approach 
that combines some of the existing wavefunction correlation methods mentioned just 
above.  HyCE is based on the partitioning of the correlation energy into internal (also 
known as near-degenerate, strong, full-valence and non-dynamic) and external (dynamic) 
contributions.  This work establishes by numerical demonstration that the internal 
correlation energy is a quantity which must be computed with more sophistication than is 
required for the external correlation.  Of course, this requires a precise definition of 
internal and external correlation components.  Fortunately, there is a recent theoretical 
development that allows for the convenient generation of the entire internal orbital 
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 3
space, consisting of the occupied HF + valence virtual orbitals (VVOS)
27
, with an 
orthogonal external orbital space as the remainder.  Controlling excitations into these 
two spaces then yields internal and external correlation energies.  The recovery of 
internal correlation energies for the orbital-invariant theories above, viz., the CI, CCSD, 
and CEPA methods is compared to benchmark large scale CI or FCI for some small 
molecules.  It will be shown that the internal correlation energies are highly system 
dependent (diverse), and have significant per orbital contributions, while the external 
correlation energies accumulate smoothly, almost linearly, to the totals as the virtual 
space is steadily increased.  We also find that the CEPA(0) variant of the Coupled Pair 
methods, is always a promising way to evaluate the internal energy contribution, and that 
the external correlation energy may be fairly accurately recovered by an economical 
second-order perturbation treatment. 
   Numerical results are obtained for six steadily growing chain systems containing up to 
a dozen heavy atoms, and for a new benchmark set consisting of 36 molecules with 8 to 
58 valence electrons.  It is important to note that almost all results are presented using a 
basis set that is capable of delivering 90% or more of the total correlation energy. 
Accordingly, both the molecular size and basis set used are chemically realistic, although 
the present paper is limited to closed shell reference molecules made from the lighter 
main group elements.  The data will comprehensively show that with regards to total 
correlation energy recovery HyCE performs very similarly to CEPA(0), CCSD(T), and 
CR-CC(2,3) calculations, and significantly outperforms MP2 and CCSD.  We note here 
that the cost of HyCE is significantly cheaper than the comparably accurate CEPA(0), 
and triples-corrected CC methods, requiring only O(NV
6
), where NV = number of valence 
orbitals, and O(N
5
) efforts for the internal and external correlation energies, respectively.  
Accordingly, HyCE, and any future approaches based on its concept, should allow for 
access to far larger systems yet provide chemical accuracy.  
   Although the main purpose of this paper is to explore the nature of internal and external 
correlation energies, leading to the HyCE approach, some related results are presented. 
These include a rigorous assessment of the size extensivities and correlation energy 
recoveries of the methods described above.  While many of these auxiliary findings are 
on par with that expected, some of them are of interest including: i) CEPA(0) closely 
tracks triples-corrected CC and easily outperforms CCSD which has the same O(N
6
) cost, 
ii) The +Q correction does a good job of repairing CISD for very small molecules but 
quickly loses size extensivity as the systems grow larger, and iii) our estimate for the 
average correlation energy (full basis) is 38−39 millihartree/electron. 
 
2. METHODS  
2A. Programs and Basis Sets.  The GAMESS28,29 package was used to compute 
energies at the MP2
30
, CC (CCSD/CCSD(T)
31
, CR-CC(2,3)
14
), CI (at excitation levels 
CISD/CISD+Q/CISDTQ/CI6/CI7/CI8/FCI)
32,33
, and CEPA (AQCC/ACPF/CEPA(0)) 
levels of theory where the given references allude to the implementations.  The 
Occupation Restricted Multiple Active Space (ORMAS)
32
 CI program has been modified 
to allow for CEPA and MR-CEPA computations using any specified correlation scale 
factor, including keywords for the three common flavors used here (described below). 
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   All geometries were optimized at the RHF
6
 level of theory.  The 6-31G(d)
34
 and cc-
pV6Z
35,36
 (containing up to h and i functions) basis sets have been used for specific 
purposes.  The cc-pVTZ
37,38,39
 basis set (containing up to f functions) is the workhorse 
basis set choice.  We have found that this latter basis set is capable of recovering about 
90% of the correlation energy (via comparison with cc-pV6Z
35,36
 results; see 
Supplementary Information, which also contains all molecular geometries).  In every case 
spherical harmonic functions were used and only valence electrons were correlated.  
   Two triples-corrected coupled-cluster methods are used herein, namely CCSD(T) and 
CR-CC(2,3).  Both consistently yield very similar correlation energies (never disagreeing 
by much more than 0.2 millihartree/electron), with the biggest differences occurring for 
the longer cyanopolyyne chains and for naphthalene.  To address the performance of the 
perturbative triples corrections, full CCSDT and CCSDTQ computations were made on 
molecules with no more than 12 electrons, with the small 6-31G(d) basis set
34
.  The 
NWCHEM program
40
 was used to perform the CCSDT and CCSDTQ calculations.  On 
balance (see below), the CR-CC(2,3) method appears to be slightly better than CCSD(T), 
so the former is adapted below as the "reference method" for obtaining correlation 
energies for molecules up to 58 electrons with the accurate cc-pVTZ basis set. 
2B. CEPA methods.  In the present paper, we have utilized three of the numerous 
coupled electron pair approximation (CEPA) approaches
22,23,24,25,26
 in a single reference 
manner; however, the working code is based on more recent multireference formulae.  
These three approaches are Averaged Quadratic Coupled Cluster (MR-AQCC)
41,42
, 
Averaged Coupled-Pair Functional (MR-ACPF)
43
, and MR-CEPA(0)
43
.  For brevity, 
since the present work applies these formalisms to a single closed shell reference, the 
prefix MR- will be omitted throughout. 
   One advantage to the multireference variants used in the present paper is that they may 
be implemented simultaneously in a standard MR-CISD program, by allowing for 
different fractions of the correlation energy to be applied as a diagonal shift to the matrix 
elements for both singly and doubly excited determinants
26,43
.  The value of the scaling 
factor applied to the diagonal shift is the only difference in these three methods
26
.  The 
scale factor for AQCC
26,41,42
 is chosen to make the modified CISD equations closely 
mimic the standard CCSD method, a larger factor is used in ACPF
43
, and this value 
further increases to unity for CEPA(0)
43
.  Of course, if the scaling factor applied to the 
correlation energy is zero, the CISD method is recovered.  It should be noted that the use 
of the CEPA(0) method for a single closed shell reference corresponds exactly to the 
Linearized CCSD (LCCSD) method available in many Coupled-Cluster codes.  Since this 
equivalence was established long ago
44,45,46
 when singles were usually omitted from CC 
calculations, the literature also equates CEPA(0), sometimes called CEPA/0 or CEPA-0, 
with LCCD.  However, throughout this paper the single excitations are included, so it is 
LCCSD which is numerically identical to CEPA(0). 
   Another advantage of using the multireference formulae is that open shell and 
multireference molecules are accessible, too.  The ability to generate Valence Virtual 
Orbitals
27
 for open shells or small multiconfigurational self-consistent field (MCSCF) 
wavefunctions suggests that HyCE extensions can be formulated in the future for valence 
excited states or bond rearrangement processes.  Because the CEPA family of methods 
has been reprogrammed within a MR-CISD program
32
, our implementation inherits the 
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complete control of spin quantum number from its underlying CI code.  Finally, density 
matrices
43,47
, excitation energies
47
, and nuclear gradients
48
 may also be formulated for the 
three multireference CEPA approaches. 
   A few recent papers have returned to various CEPA methods, because they have good 
numerical accuracy, and certain computational advantages particularly in multireference 
contexts.  Neese et al. have developed large-scale efficient implementations
49,50 
 of single 
reference CEPA variants different to the CEPA(0) used here, because they produce fairly 
accurate reaction energetics
50
.  Bozkaya and Sherrill
51
 have demonstrated that CEPA-0 
with only double excitations (equivalent to LCCD, see above) gives reaction energy 
results intermediate to MP2 and CCSD, with further improvements gained when orbitals 
are optimized.  Taube and Bartlett
52
 used the more complete LCCSD theory (with a 
regularization of singularities) to examine barrier heights, finding its accuracy to be 
between CCSD and CCSD(T).  Tsuchimochi and Ten-no
53
 have recently explored new 
size extensivity corrections in multireference problems such as dissociation curves. 
 
3. SYNOPSIS OF TESTBED SYSTEMS USED FOR EVALUATIONS 
OF CORRELATED METHODS 
3A. Accuracy of Correlated Methods for Small Molecules with a Modest 
Basis Set.  The correlation treatments investigated in this work have been initially 
evaluated for four small molecules (H2CO, C2H4, C2H2, and HCN) using the modest 6-
31G(d) basis set so that they may be compared against benchmark, exactly variational, CI 
calculations having electron excitation levels of six and eight (from RHF determinants).  
The results are shown in Table 1 where total CI6 energies are given as well as 
corresponding differences from them.  CI8 calculations could only be performed for the 
C2H2 and HCN molecules and these energies catch approximately 40 microhartree more 
than CI6.  It is fair to assume that CI8 energies for H2CO and C2H4 would be lower than 
CI6 by similar amounts, and that the CI8 energies represent near FCI results for these 10 
and 12 electron systems. 
   We find that CCSDTQ, CR-CC(2,3), CEPA(0), CCSDT, and CCSD(T) are the most 
accurate treatments, compared to the CI6 results, with average accuracy decreasing in the 
order given.  It is not unexpected that CCSDTQ is the best performer of these; however, 
it is by far the most expensive (by magnitudes!) in terms of time and is nearly impossible 
to apply to bigger molecules or with bigger basis sets for the four systems looked at here.  
Perhaps the biggest surprise is that CEPA(0) very slightly outperforms CCSD(T) and 
CCSDT on the average, and is on par with CR-CC(2,3) for the larger H2CO and C2H4 
molecules (but perhaps better if CI8 energies were available).  The CISDTQ and 
CISD+Q methods follow closely behind CCSD(T), and it should be noted that despite its 
simplicity the +Q correction is within 2.7 − 4.1 millihartree of the exact CISDTQ.  The 
remaining methods trail in accuracy in the (decreasing) order ACPF, CCSD, AQCC, 
MP2, CISD, and here we already observe the similarity of CCSD and AQCC which will 
become a trend. 
   The next two sets of systems utilized for the evaluation of methods have many more 
atoms, and use a much more quantitative basis set.  Of the various methods assessed for 
the present four small molecules, only the triples-corrected coupled-cluster theories are 
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accepted in the computational chemistry community as being of extremely high accuracy, 
while also remaining feasible for moderately sized systems.  In this work we adopt the 
CR-CC(2,3) type of triples-correction as being as close to “the correct value” as is 
practical, as it performs slightly better than CCSD(T) for the four instances looked at 
here. 
   3B. Six Chain Systems.  Six chain types are used to test the accuracy and size 
extensivity of quantum chemistry methods, by increasing the number of electrons 
considered by a factor of four to five.  The trans-polyacetylene, H2C=(CH−CH=)nCH2, 
and trans-polyenal, O=(CH−CH=)nCH2, systems contain two to eight heavy atoms and 
have the same growth unit - an alternating single and double bond.  The polyyne 
HC≡(C−C≡)nCH, and cyanopolyyne N≡(C−C≡)nCH, chains range in size from two to 
twelve heavy atoms and contain alternating single and triple bonds.  All four 
aforementioned molecule groups grow linearly or in a plane, while the next two exhibit 
some coiling (spiraling).  The polyoxomethylene systems, HO−(CH2−O−)nCH3, 
incorporate oxygen atoms in the chain repeat unit and these extend from two to eight 
heavy atoms. The last glycine-type series has a biological aspect and consists of the 
progression methanol → acetic acid → glycine → glycylglycine, thus ranging from two 
to nine heavy atoms and incorporating the elements carbon, oxygen, and nitrogen.  All 
geometries were optimized at the RHF/cc-pVTZ level of theory and these are provided in 
the Supplementary Information. Since each chain grows with a consistent repeat unit, the 
total correlation energy divided by some function of the chain length should approach a 
constant value (albeit not necessarily the same for each chain). 
   3C. A Benchmark Test bed of 36 Molecules.  For a comprehensive test of 
correlation energy recovery, we have assembled a benchmark set of 36 carefully chosen 
molecules having numbers of valence electrons spaced fairly evenly between 8 and 58 e
−
.  
The complete list including point groups, numbers of basis functions (cc-pVTZ) and 
valence electrons/orbitals is given in Table 2.  We feel that this set spans a diverse variety 
of chemical bonding patterns (catalogued below), and therefore an assortment of electron 
correlation energies.  Specifically, (i) These molecules contain predominantly C, N, O, F, 
and H atoms, but third period atoms are present in six: the simplest phosphonium ylide 
(H3PCH2), thiocyanate anion (SCN
−
), silacyclobutane (SiC3H8), dimethylsilanone 
(Me2Si=O), tetramethylsilane (SiMe4), and sulfur hexafluoride (SF6).  (ii) Most 
molecules are normal valent, containing localized single and double bonds and a few lone 
pairs.  (iii) Exceptions to ordinary valency are two electron-deficient boranes: diborane 
(B2H6) and decaborane (B10H14), two hypervalent compounds: phosphonium ylide and 
sulfur hexafluoride, and four aromatic molecules: pyrrole (C4NH5), benzene (C6H6), 
cytosine (C4N3OH5), and naphthalene (C10H8).  (iv) Three molecules contain non-
aromatic rings: the epoxide H2C(O)CH2, silacyclobutane, and cyclopentane (C5H10).  (v) 
Decaborane is the sole cage type molecule.  (vi) Three molecules with many lone pairs 
close together were chosen: nitrate anion (NO3
−
), dioxygen difluoride (FOOF), and sulfur 
hexafluoride.  (vii) The organic acid group COOH is well represented via: formic acid 
(HCOOH), malonic acid (CH2(COOH)2), and tartaric acid ((CH(OH)COOH)2).  (viii) 
Numerous amine or amide groups are found: methylamine (H3CNH2), methylhydrazine 
(H3CNHNH2), urea ((NH2)2C=O), ethyl carbamate (C2H5OC=ONH2), biuret 
((NH2C=O)2NH), and cytosine.  (ix) Three of the chain molecules described in the 
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previous section are included: hexatriene (C6H8), cyanopolyyne (HC11N), and 
glycylglycine (C4H8N2O3).  (x) One hydrogen bond is present, in the Zundel cation 
(H5O2
+
).  (xi) There are two linear charge delocalized pi systems: trimethine cyanine 
(H2N(CH)3NH2
+
) and pentamethine cyanine (H2N(CH)5NH2
+
).  (xii) Some very ordinary 
molecules are present, such as methane (CH4), cyclopentane, and heptane (C7H16).  (xiii) 
Three anions and four cations are present. 
   The maximum size of the molecules is governed by the requirement that the full 
CEPA(0) and triples-corrected CC calculations must be feasible.  The correlation 
benchmark set does not contain atoms beyond the third row elements, and in particular 
there are no metals included.  Only closed-shell systems were chosen and the molecules 
are well described by RHF (the molecule with the greatest multireference character is 
likely N2O4).  The RHF/cc-pVTZ geometries are adopted for all.  All structures and 
energies are given in the Supplementary Information. 
 
4. CORRELATION ENERGY RECOVERY AND PARTITIONING 
INTO INTERNAL AND EXTERNAL COMPONENTS 
   4A. Size Extensivity and Total Correlation Energy Recovery 
Evaluations Via Six Chain Systems.  Figure 1 shows, for each of the six chain 
types, total correlation energies as functions of size (number of heavy atoms) for the 
various methods evaluated here.  Of course, the absolute correlation energies grow 
steadily with the total number of electrons, so Figure 1 normalizes these quantities by 
plotting the results in terms of correlation energy per electron.  Since each chain grows 
by similar increments, this kind of plot should approach an asymptotic value if the 
method used is size extensive, as they do for all but the CISD and CISD+Q approaches.  
The limiting values are, however, dependent upon the repeat unit's specific chemistry and 
the amount of correlation energy recovered by each method.  We have used an equivalent 
y-axis range (0.024 → 0.040 hartree) in each plot for consistency.  
   Configuration Interaction results in Figure 1 are shown as dashed lines.  The CISD 
level consistently recovers the least amount of correlation energy of all methods and (not 
unexpectedly) degrades in quality immediately as chain lengths are increased.  The a 
posteriori +Q correction does a good job of repairing CISD for the smallest molecules, 
coming close to the available full CISDTQ results, but begins to fail once the chains 
contain five or so heavy atoms.  Unfortunately, it is only feasible to perform full CISDTQ 
calculations on the first members of four chains, where we find that this method is very 
accurate.  However, we would expect fall-offs in the CISDTQ curves to occur reasonably 
quickly based upon the results for internal, or valence, correlation energy analyses to be 
described below. 
   MP2 and CC results are shown as solid lines in Figure 1, and due to their proper size 
extensivity, are much more satisfactory. The accuracy order is MP2 < CCSD < CR-
CC(2,3) in accordance with the expected computational protocol
5
.  On the scale of Figure 
1, the results for CCSD(T) are so close to CR-CC(2,3) that the former are not graphed. 
   Next we turn to the size-extensive-corrected CI approaches, i.e., the various CEPA 
methods, shown in Figure 1 as dashed lines. Of course, one expects that the recovered 
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correlation energy increases with the correlation energy scale factor used and this is 
exactly what occurs with all energies ordered as AQCC < ACPF < CEPA(0).  It is 
manifest that CEPA(0) performs nearly identically to CR-CC(2,3), and thus also 
CCSD(T).  While the results for the smallest molecules (with modest basis set) described 
above presaged the high accuracy of CEPA(0), the continued reliability as the molecular 
size is increased affirms this observation.  As mentioned in the Methods section, other 
workers have found that CEPA(0) and closely related procedures provide a useful 
accuracy level
50,51,52
.  On a side note, it is clear that Szalay and Bartlett’s AQCC 
method
41,42
, in a single reference usage, closely resembles the CCSD method, thus it is 
natural to surmise that as intended, MR-AQCC indeed closely mimics MR-CCSD. 
   4B. Internal and External Components of the Total Correlation 
Energy.  A recently developed procedure to generate valence virtual orbitals (VVOs)27 
separates the entire virtual space into two parts, namely the unoccupied valence 
antibonding orbitals (VVOs) and then all remaining orthogonal orbitals.  These two 
orbital sets are known as internal (strongly-correlating) and external (weakly-correlating), 
respectively.  The final step in VVO + external orbital preparation is a semi-
canonicalization, in which the Fock matrix is diagonalized separately in the VVO and 
external virtual blocks.  This means that non-zero off-diagonal Fock elements occur only 
between these two empty orbital subspaces.  The generation of the VVO subspace and its 
external orthogonal complement may be done for a variety of self-consistent-field (SCF) 
types, although only RHF has been used here.  In a number of small molecules, where 
explicit full valence MCSCF is possible, use of canonical occupied valence RHF orbitals 
+ VVOs in a FCI calculation recovers 80 to 90% of the fully-optimized MCSCF 
energy.
27,54
 
   This resource allowed us to examine the recovery of internal (also termed non-dynamic, 
full-valence, or strong) correlation energies for the orbital-invariant CCSD, CI and CEPA 
methods.  Besides basic curiosity, we have done this for two main reasons: i) using 
VVOs (a consistently constructed small subset of the entire virtual space) allows us to 
push the FCI and CISDTQ methods to larger systems, and ii) the results will be used to 
design a method that accurately computes the total correlation energy in a hybrid 
approach to be described below. 
   4C. Internal Correlation Energy Recovery Evaluations for the Six 
Chain Systems.   Figure 2 shows the internal correlation energies (per electron) 
recovered by the various methods for each chain type.  These plots are analogous to those 
in Figure 1 except: i) excitations (into virtual orbitals) are limited to only the VVOs, and 
ii) the y-axis scales are expanded and unique to each plot.  CCSD values are included 
only in two panels, as the GAMESS implementation of this method requires that the 
number of correlating orbitals be greater than the number of occupied RHF orbitals.  In 
addition, the two triples-corrected CC methods available in GAMESS do not possess the 
desired invariance with respect to the choice of empty orbitals.  Fortunately, an exact 
reference energy (FCI/VVO) can be computed for all first and some second members of 
each series while highly-excited CI calculations (up to 6, 7, or 8-fold excitations) can be 
performed on the remaining second members.  These exact or nearly exact results are 
shown with solid black lines. 
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   We observe that the CEPA(0) results are essentially indistinguishable from the CI 
benchmarks, except for the polyacetylene and polyenal chains (top two plots in Figure 2) 
where CEPA(0) overestimates slightly. The true performance of CISDTQ is now 
apparent, performing well at first but then tailing off slowly; this is not unexpected for a 
method that is not size extensive or size consistent.  We also find that the CISD+Q 
energies closely follow the CISDTQ. As such, although we imply above that the +Q 
correction is somewhat lacking because of its a posteriori nature, it is essentially doing 
exactly what it was designed to do – mimic CISDTQ.  It is only because CISDTQ 
eventually deteriorates that CISD+Q does also.  In this respect we should probably regard 
the +Q correction as quite successful in its intent.  As is the case for the total correlation 
energy results described above, CCSD is similar to AQCC, but both of them, and ACPF 
as well, in general do not recover the highly-excited CI results as well as CEPA(0) does.  
However, one could argue that ACPF is perhaps better than CEPA(0) for the 
polyacetylene and polyenal chains, where CEPA(0) slightly overshoots the available CI 
reference energies. 
   4D. Internal vs. External Correlation Energies in the Six Chain 
Systems.  Here we define the external correlation energy as simply the total correlation 
energy minus the internal correlation energy defined immediately above, i.e., that 
determined by exciting only into the VVOs.  From the results described earlier we feel 
that in general CEPA(0) is the most reliable method for the consistent determinations of 
both internal and total (and thus external) energies.  Figure 3 shows the CEPA(0) internal 
vs. external energy components for the six chain systems utilized above as well an 
additional chain, namely the linear alkanes from methane → octane since these contain 
solely single C−H and C−C bonds.  It is immediately apparent that external (or dynamic) 
correlation energies are consistently larger than the internal (or non-dynamic).  While this 
finding is (perhaps?) not unexpected, the observation that the internal components 
represent rather significant portions (~25-40 %) of the total correlation energies is of 
some interest, i.e., internal:external ratios vary between 1:3 and 2:3.  Upon close 
inspection of the plots, it may be seen that the differing internal vs. external contributions 
are guided by the chemistries of the molecules in the following ways: 
   (i) The internal correlation energy is approximately half of the external when only 
single bonds and no lone pairs are present (garnered from the alkane data). 
   (ii) As the bond orders grow (as pi bonds accumulate), the internal correlation energy 
becomes a larger fraction of the external: % internal/external = 49, 57, and 73 for octane, 
1,3,5,7,9,11-dodecahexayne, and 1,3,5,7-octatetraene, respectively. 
   (iii) While the internal energy components become larger when the pi/sigma ratio 
increases, the external correlation energies remain essentially constant (see alkane, 
polyacetylene, and polyyne curves).  This interesting observation implies that electron 
pairs in bonds require similar efforts to catch their dynamic correlations, whether sigma 
or pi. 
   (iv) Lone pairs (at least on oxygen) reduce the internal:external ratio.  This is 
unsurprising since the VVOs only contain left-right correlating antibonds.  As such, lone 
pairs correlate primarily through in-out and angular excitations, which are only provided 
by the external correlating orbitals. 
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   (v) Although subtly featured in the plots, lone pairs seem to contain slightly more 
correlation energy than do single bonds, at least for the systems looked at here.  This is 
best illustrated by comparing the total correlation energies per electron for the octane and 
largest polyoxymethylene chain which are 31.1 mh and 34.5 mh, respectively.  These 
numbers become more relevant when one considers that both species have: i) only single 
bonds, ii) eight heavy atoms, and iii) equal numbers of valence electrons (50 e
−
). 
   Probably the most consequential findings above are that the internal correlation 
energies comprise a non-trivial portion of the total energies, and that internal components 
show more variation that the external.  The question of whether these two properties 
extend generally will be investigated in detail in the next section.   
   4E. Internal vs. External Correlation Energies in the 36 Molecule 
Benchmark Set.  The upper left panel of Figure 4 plots the CR-CC(2,3) and CEPA(0) 
total correlation energies vs. the number of valence (correlated) electrons.  Note that we 
have added the small molecules H2, BeH2, and BH3 in order to have points near the 
origin; however, due to their anomalously small correlation energies, data for these three 
are not considered anywhere else.  Clearly the correlation energy increases roughly 
linearly with the number of electrons (R
2
 = 0.97 for CR-CC(2,3)) where the slope of the 
fitted line (forced to pass through the origin) is 35 millihartree/electron.  This value is 
almost double that of Head-Gordon’s suggestion
5
 of 19 millihartree/electron (converted 
from 100 kJ/mole per electron pair); however, the latter value is very close to those for 
H2 and BeH2 of 19.7 and 19.2 millihartree/electron, respectively.  One expects the 
correlation energy per electron to rise once one or two electron pairs become surrounded 
by additional pairs, but then to saturate after molecular growth reaches the point where 
additional pairs are being added beyond the correlation length scale.  This is the physical 
origin of the roughly linear growth of the electron correlation energy.  A pertinent point is 
that we have used the cc-pVTZ basis set, which we have found to recover ~90% of the 
actual correlation energy (see Methods), so that the true average correlation energy per 
electron at the basis set limit would occur at ~38 – 39 millihartree/electron.  A relevant 
observation is that on the scale used in this panel it is very difficult to see any difference 
between the CR-CC(2,3) and CEPA(0) values.  This finding is in line with those above 
and further metrics provided later. 
   The remaining three panels of Figure 4 partition the CEPA(0) correlation energies into 
internal and external components, using excitations into only VVOs for the former, and 
again, subtraction of the internal from the total for the latter.  The upper right panel shows 
the internal (blue) and external (red) correlation energies plotted vs. number of electrons 
(akin to the total energies shown in the upper left panel).  As is the case for the chains, 
the external correlation energy is generally two to three times larger than the internal 
correlation energy, and both lines appear fairly linear although less so than the total 
correlation energy.  However, notable outliers are present, such as those at 48 and 50 
electrons representing SF6 and NC11H.  With regards to SF6, the nature of the VVO 
method means that only four antibonds are generated (a totally symmetric 6F(p)-S(s) 
orbital and F(p)+S(p)+F(p) antibonds along each axis).  As such, the system contains 
significantly more lone pairs than bond/antibond orbitals thus ensuring a very large 
external component.  However, the opposite is true for NC11H which contains many 
bonds/antibonds vs. only one lone pair, thus ensuring a large internal component.  When 
Page 10 of 33
ACS Paragon Plus Environment
The Journal of Physical Chemistry
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
 11
plotting the internal and external components vs. number of bonds (4 used for SF6) in the 
lower right panel of Figure 4, the internal scatter is slightly improved. However, there is 
absolutely no correlation of the external correlation energy with the number of bonds, as 
all information about the number of lone pairs is lost for that x-axis choice. 
   While the external correlation energy is generally two to three times more than the 
internal (although wide fluctuations can occur as seen above), the number of VVOs is 
almost always far less than the number of external orbitals, where the latter is defined as 
all remaining virtual orbitals not part of the VVO space.  As such, plotting per orbital 
contributions may provide insights.  These plots are shown in the lower left panel of 
Figure 4 and it is immediately apparent that, on average, the internal virtual orbitals 
(VVOs) individually contribute far more to the total energy than the external orbitals.  
Additionally, the per orbital internal energies show far more scatter than the external.  
This suggests that accurate computation of the former may require more rigor, simply 
because the higher occupations of VVOs imply larger configurational coefficients; this 
premise will be explored further below.  As indicated, the per orbital external correlation 
energies are smaller and more consistent (linear) than the internal, in part because the cc-
pVTZ basis provides a large number of external orbitals.  It should be noted that in the 
limit of a complete basis set being employed, the per orbital external energies would all 
be at zero, an important thing to consider when interpreting this data.  On the other hand, 
the large variation of the per orbital internal correlation energy is essentially independent 
of the basis set, as the VVOs themselves exhibit a high degree of invariance with respect 
to the working basis
27
, i.e., the number and nature of the VVOs remain constant as the 
size of the basis set is increased. 
   Figure 5 explores the effectiveness of the internal + external separation of the entire 
virtual orbital space (orange lines), by comparing directly against use of traditional fully-
canonicalized orbitals, ordered by Fock energy (black lines).  For the orange curves, the 
VVO and external spaces are first separated, and then pseudo-canonicalized so each 
subspace is ordered by Fock energy, with all externals following the VVO subspace.  We 
have chosen four diverse molecules and plotted the accumulations of the CEPA(0) 
correlation energies (up to the total) for increasing numbers of virtual orbitals that are 
included in the computations.  For both orbital sets, we first limited the range of the 
CEPA(0) excitations into just the number of VVOs, then twice that, and finally 
incremented the number of additional orbitals used up to the total in steps of 
approximately 1/10th the number of basis functions. 
   For naphthalene and formic acid (top left and right panels of Figure 5), which contain 
more bonds than lone pairs, there is a significant amount of initial (or internal) correlation 
energy acquired via use of the VVOs over the same number of traditional canonical.  
Furthermore, only when the numbers of virtual orbitals are around one third of the total 
(approximately 150 and 40 for naphthalene and formic acid, respectively) does use of the 
canonical orbitals catch up in energy to the (VVO + external) set.  Interestingly, the 
accumulation of the external (dynamic) correlation energy (beyond the number of VVOs) 
is more linear for the (VVO + external) set, suggesting that the external (dynamic) 
correlation energy is more smoothly averaged over these orbitals vs. use of the fully-
canonicalized set. 
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   The lower left and right panels of Figure 5 show the same plots for the lone-pair-rich 
molecules SF6 and FOOF, respectively.  Here we find that the effectiveness of the 
internal + external separations of the virtual orbitals is significantly diminished.  This is 
not surprising since the numbers of VVOs (four and three for SF6 and FOOF, 
respectively) are noticeably less than the numbers of lone pairs (at least 18 and 10 for SF6 
and FOOF, respectively).  Even still, for FOOF there is a small energy jump when using 
VVOs over fully-canonical, and both plots indicate that the external (dynamic) 
correlation energies accumulate fairly linearly (smoothly) with the numbers of virtual 
orbitals, although kinks are observed at later stages. 
 
5. THE HYBRID CORRELATION ENERGY (HYCE) APPROACH  
   5A. General Description. The Hybrid Correlation Energy (HyCE) approach 
proposed in this paper grew out of a consideration of four factors: 
   (i) Very accurate correlation energies can be computed by hierarchical control of the 
excitation level in the CEEIS
55,56
 method whereby the highest excitation levels are 
systematically limited to only the lowest empty orbitals.  Typically, the virtual orbitals 
used in CEEIS are block-diagonalized natural orbitals (which preserve the occupied RHF 
set) from some CISD run and these are then ordered by decreasing occupancy.  It is 
always the case that many (but not all) of the first group of these are antibonding orbitals 
which are often also labeled as internal (strongly-correlating). 
   (ii) As described above, the VVO
27
 method allows for expedient separation of the entire 
virtual space into internal and external parts, with the virtual internal orbitals consisting 
of all possible antibonding orbitals, thus eliminating the need for potentially expensive 
natural orbital generation. 
   (iii) The noted success of the conventional CEPA(0) method to accurately recover both 
internal and total correlation energies, as demonstrated above extensively (and further 
below).  At O(N
6
) computer time (where N is the number of orbitals whether only 
internal or total) the CEPA(0) accuracy is attractive relative to any O(N
7
) triples-
corrected CC method.  Another asset is that the CEPA(0) energy is invariant to orbital 
rotations. 
   (iv) The significant per orbital internal correlation energy contribution to the total.  
Additionally, it was observed that the internal correlation energies showed considerable 
variation while the external correlation energies appeared more consistent, particularly 
the fairly smooth energy accumulation/progression as the fraction of the external space 
used is steadily increased. 
   The question suggested by these points is this: can the total correlation energy be 
accurately estimated by dividing the calculation into a high-level effort within the internal 
orbitals (VVOs), and a much simpler approach involving the external orbitals? 
   For recovery of the internal correlation energy, the results above indicate that a suitable 
approach is to use the CEPA(0) method where only excitations into the VVOs space are 
considered, this internal (non-dynamic) energy is denoted as E(CEPA(0)/VVO).  With 
regards to the external correlation energy, the HyCE idea relies upon a cheap 
computation of this quantity.  As such, we have utilized a PT2 approach that only 
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considers (occupied | occupied) → (VVO | external) & (external | external) excitations 
and uses diagonal Fock elements in one-electron energy difference denominators - this 
external (dynamic) energy is denoted as E(PT2/external)
57,58
.  To be absolutely clear, we 
provide the external energy expression as: 
E(PT2/external) = ∑
|	|
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
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where i & j represent occupied spin orbitals, m & n represent all virtual spin orbitals 
(VVO + external), p & q represent VVO spin orbitals, and fk is the diagonal Fock matrix 
element (k,k) where the Fock matrix has been block-diagonalized in the VVO-VVO and 
external-external subspaces (following full diagonalization after SCF convergence, and 
VVO determination of course).  The approach is similar to MP2 and MBPT(2) in 
execution except that we are using semicanonical VVO + external orbitals instead of 
fully-canonical orbitals, and subtract out the (occupied | occupied) → (VVO | VVO) 
contributions which are already incorporated in the CEPA(0)/VVO internal correlation 
energy.  We are aware that Fock elements between VVO and external spaces are non-
zero; but these are commonly unused in multireference MP2/PT2 approaches
57,58,59
. 
   The total HyCE correlation energy is then the combined expression: 
   E(HyCE) = E(CEPA(0)/VVO) + E(PT2/external) 
   The formal cost of each contribution is O(NV
6
), where NV = number of valence orbitals 
for the CEPA(0)/VVO energy and O(N
5
) for the PT2 integral transformation.  Of course, 
with modern basis sets the number of valence (internal) orbitals is far less than the 
number of all orbitals, making the external correlation energy computation the likely 
bottleneck.  The preliminary cost of the VVO + external orbital generation is negligible at 
O(N
3
).  Therefore, one can consider the HyCE energy cost to be slightly more than MP2 
and MBPT2, but magnitudes less than the full orbital basis methods CISD/CEPA/CCSD 
(O(N
6
)) or triples-corrected CC (O(N
7
). 
   5B. Performance of HyCE for Six Chains.  We first tested our HyCE 
approach in an analogous way to that described earlier above by plotting the correlation 
energy per electron as the six chain molecules are systematically lengthened.  Figure 6 
illustrates the results, where we have now i) magnified the energy scales from that of 
Figure 1 (y-range = 4.5 mh for all plots) to show the small differences between CR-
CC(2,3), CCSD(T), and CEPA(0), and ii) included the MP2 and CCSD curves to better 
gauge the HyCE results.  In the top four panels, which illustrate results for trans-
polyacetylene, trans-polyenal, polyyne, and cyanopolyyne, there is absolutely no 
question that HyCE is in excellent agreement with the triples-corrected CC and CEPA(0) 
approaches, although for the polyenal (top right) series HyCE slightly overestimates the 
correlation energy early on but “catches up” almost exactly later on.  With regards to the 
lower two panels which show results for the polyoxomethylene and glycine series, HyCE 
is seen to slightly overestimate the correlation energies; however, the agreement with the 
triples-corrected CC methods is still very good, especially when comparing against the 
CCSD and MP2 results which manifestly underestimate the correlation energy. 
   In summary, the HyCE method gives very reasonable results for all six chains, closely 
mimicking the far more rigorous and expensive triples-corrected CC and full CEPA(0) 
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theories, and easily outperforming MP2 and CCSD.  In fact, the HyCE performance is 
more remarkable when considering that its cost is of the order of MP2, magnitudes 
cheaper than CCSD/CEPA(0), and magnitudes further cheaper than triples-corrected CC.  
These results are encouraging enough to ask the question of how general this might be, so 
we explore this further in the following section for the 36 molecule benchmark described 
above. 
   5C. Performance of HyCE for the 36 Molecule Benchmark Set.  Here 
we assess and compare the correlation energy recoveries of HyCE and the other methods 
MP2, CCSD, CEPA(0) against the triples-corrected CC results, using the 36 molecule 
benchmark set described above.  The left panel of Figure 7 shows computed CR-CC(2,3) 
(black diamonds) and HyCE (blue crosses) correlation energies per electron for the 36 
molecule set.  It is clear that the HyCE results are close to CR-CC(2,3), and although 
there are a few small discrepancies, almost all of the points are coincident.  Note that this 
per electron plot plainly reveals the large fluctuations above and below the fitted slope of 
35 for the total correlation vs. number of electrons plot (top left panel of Figure 4), with 
values varying between 25 and 41 millihartree/electron. 
   The right panel of Figure 7 shows more clearly the accuracy of the various methods by 
plotting deviations from the CR-CC(2,3) values.  MP2, with formal computational effort 
N
5
, contains a great deal of scatter, and consistently underestimates the triples-corrected 
CC correlation energy.  However, it is interesting to note that there appears to be a 
downward trend in the points, so that as the systems get larger, MP2 appears to be 
performing better.  CCSD, with formal computational effort N
6
, removes much of the 
variation that MP2 possesses and improves the mean unsigned error (MUE) from 2.3 to 
1.4 millihartree/electron.  CEPA(0), which also scales as N
6
 in computational effort, has a 
MUE of 0.2, nearly seven times less than CCSD.  Thus, although they share the same 
cost, CEPA(0) is a significant improvement upon CCSD; these results are in line with 
those described above.  Furthermore, the CEPA(0) energies show very little scatter about 
the CR-CC(2,3) values.  The CCSD(T) results are not shown since they are as expected 
essentially on top of CR-CC(2,3) with a very small MUE of 0.05.  The proposed HyCE 
method, having computational effort similar to MP2, has slightly more scatter than 
CCSD, but is centered around the CR-CC(2,3) results rather than being above them.  The 
MUE of 0.4 is over three times less than CCSD, and only twice that of CEPA(0). 
   These HyCE results, at the very least, are extremely encouraging.  We feel that our tests 
in this and the preceding subsections are extremely rigorous, and show clearly that the 
internal (non-dynamic) and external (dynamic) correlation energies can be computed 
using different approaches yet still recover very accurate total electronic energies, thus 
validating the hybrid concept. 
   The mean unsigned errors and the scatter shown in Figure 7 can be compared with the 
Head-Gordon assessments presented in the introduction, namely that MP2 recovers ~80% 
and CCSD about 95% of the correlation energy
5
.  When measured against the CR-
CC(2,3) results (and for the cc-pVTZ basis set), we find that MP2 recovers on average 
93% of the correlation energy, but with a wide spread of 85% (B2H6) to 98% (N2O4) over 
the 36 molecules.  We also observe that CCSD recovers on average 96% of the 
correlation energy, with a small variation of 95% to 97%, while CEPA(0) recovers 99.5% 
of the correlation energy. 
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6. PERSPECTIVE AND FUTURE PROSPECTS 
   The MCSCF concept
60,61
 provided much of the motivation for HyCE.  It has been 
known for a long time that the MCSCF wavefunction nicely recovers internal correlation, 
but this must also be corrected for dynamical electron correlation by means of 
multireference CI or one of the various multireference perturbation theory treatments.
60
 
   Unfortunately, conventional MCSCF programs, based on FCI references, can treat only 
up to about 18 electrons in 18 active orbitals.  This means that almost all published 
MCSCF results leave many valence orbitals doubly occupied, and these are, therefore, 
correlated only dynamically.  The present work makes two approximations to enable full 
valence space treatment for the near degeneracy correlation.  First, the use of VVOs 
avoids the need to optimize orbitals, other than at the SCF level.  Second, the use of 
CEPA(0) appears to provide a size extensive estimate of the full valence CI internal 
correlation energy.  Thus the largest benchmark calculation here, for tartaric acid, utilizes 
CEPA(0) to approximate a full valence CI computation having 58 electrons in 46 active 
orbitals.  The third and final option for our HyCE method is a perturbative treatment of 
external correlation, to keep O(N
5
) scaling.  In its present form, used for RHF references, 
the combined CEPA(0)/internal and PT2/external energy formalism possesses desired 
size extensivity (and size consistency). 
Clearly other choices exist for the three aspects described above, such as the 
incorporation of procedures to optimize the supplementary VVOs.  Some examples of 
related methods based on coupled cluster ideas follow.  Krylov, Sherrill, Head-Gordon 
and others have treated a full valence active space by orbital optimization with CCD
62
, 
and added additional correlation effects via second-order perturbation theory.
63
  
Nooijen
64
 has explored combining coupled cluster and perturbation theory, with part of 
the virtual space as "active" in the CC step.  The Sherrill group
65,66
 has explored a hybrid 
MP2-CCSD treatment of potential surfaces, using CCSD-like terms for active space 
excitations, and MP2-like expressions beyond.  
   All results contained herein were presented for closed shell molecules, in order to be 
able to compare HyCE to accurate triples-corrected coupled cluster methods.  Clearly it is 
of great interest to explore more interesting cases, but it seems most important in this first 
paper to have accurate results to check against.  Only absolute correlation energies are 
reported here, as these are more difficult to obtain than energy differences, since there is 
no opportunity to cancel a systematic error.  This paper has used exact calculations (in 
that every energy contribution is included) for all methods such as CEPA(0), again to 
establish accuracy, but lower order scaling approximations such as local methods could 
also be used for the internal and/or external energies. 
   Clearly, future work should explore open shell systems, electron unpairing processes 
like bond breaking or valence electronic excitation, greater chemical diversity such as 
metals, and the extension of potential surfaces towards transition state geometries.  
Typically, small active spaces can be devised to handle the necessary electron 
unpairings
60
, but the MCSCF energies themselves are seldom satisfactory.  It is possible 
to imagine extensions of HyCE by a) generation of the remaining valence orbitals that are 
not included in the active space itself
27
, b) approximation of the full valence space energy 
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by means of MR-CEPA calculations
32
, and c) accurate evaluation of the external 
correlation energy by some appropriate selected PT2 technique
67
.  Of course these ideas 
will require numerical testing, but there are clear paths to explore. 
 
7. CONCLUSIONS 
   The early sections of this paper investigated and contrasted the total correlation energy 
recoveries of a number of popular correlated methods.  For four small molecules with the 
6-31G(d) basis sets we found, via comparisons with ~FCI energies, that accuracy 
decreases in the order CR-CC(2,3) > CEPA(0) > CCSD(T) > CISDTQ with poorer 
methods being CISD+Q > ACPF > CCSD > AQCC > MP2 > CISD.  We then used the 
larger cc-pVTZ basis sets, found here to recover ~90% of the MP2 correlation energy, for 
the remainder of this work.  When methodically growing molecular size via chain 
extensions of six systems, we found that all theories demonstrated proper size extensivity 
except unsurprisingly CISD and CISD+Q.  Both triples-corrected CC and the CEPA(0) 
methods consistently performed very similarly, recovering the most correlation energy in 
every instance, while the other size extensive methods showed the same ordering as 
described above.  Another interesting observation is that AQCC, as designed
41,42
 
essentially mimics CCSD, suggesting that MR-AQCC is indeed acting like an MR-CCSD 
method.   
   A recent development for the rapid generation of valence virtual orbitals allowed us to 
investigate recoveries of internal (or non-dynamic or strong) vs. external (or dynamic) 
correlation energies for orbital-invariant methods via the aforementioned systematically 
extended chain types.  With regard to internal correlation energy recovery, the smaller 
number of VVOs allowed us to push ~FCI and CISDTQ methods to larger systems where 
we observed the following: (i) CEPA(0) internal energies are very close to ~FCI, 
although slight overestimations can occur, (ii) the clear lack of size extensivity of 
CISDTQ (an expected result), and (iii) CISD+Q (as intended) behaves very much like 
CISDTQ.  When using CEPA(0) to probe internal vs. external correlation energy 
recovery we discovered that internal:external ratios ranged from approximately 1:3 to 
2:3, where the ratio increases as bond orders grow and decreases as lone pairs are added.  
   These findings led us to pursue whether they apply more generally to a diverse 36-
molecule benchmark test set consisting of 8 to 58 (valence) electron systems.  This set is 
limited to molecules which are single reference dominant, closed shell, and made from 
light main group elements, but otherwise is chosen for its chemical variety.  When using 
CEPA(0) to compute internal vs. external correlation energies (after showing its good 
agreement with CR-CC(2,3) for total energy recovery), we demonstrated that per orbital 
internal correlation energies were generally significantly larger and also varied more than 
per orbital external energies, suggesting that the former requires more rigor to compute 
accurately.  In contrast, however, for four diverse molecules the accumulations of 
external correlation energies (to the totals) were seen to proceed smoothly, and somewhat 
linearly, with the number of external orbitals (ordered by Fock energies) included in the 
CEPA(0) computations.  
   The results above led to the design of a Hybrid Correlation Energy (HyCE) procedure 
which computes the internal energy in a fairly rigorous manner via a CEPA(0)/VVO 
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computation, but determines the external (or remaining) energy using a significantly 
cheaper second-order perturbation theory approach, labeled E(PT2/external).  It is 
important to note that this hybrid scheme uses orthogonal orbitals in both spaces that are 
delocalized across the molecule.  When applied to the six chain types utilized in this 
work, HyCE energies followed very closely those of CR-CC(2,3), CCSD(T), and 
CEPA(0), while easily outperforming CCSD and MP2.  The remarkable performance of 
the economical HyCE approach extended to the 36-molecule benchmark test set where its 
mean unsigned error (MUE) relative to CR-CC(2,3) (for correlation energies per 
electron) was determined to be 0.41 millihartree/electron.  This error is nearly six times 
smaller than MP2 (MUE = 2.31) and over three times less than CCSD (MUE = 1.37).  
These results are more impressive when one considers that the cost of our HyCE 
procedure, at slightly more than MP2 (N
5
), is significantly cheaper than CCSD (N
6
) and 
triples-corrected CC (N
7
).  It is clear that the HyCE concept may represent an entire 
family of hybrid procedures, in that the internal CEPA(0) and external PT2 calculations 
used here could both be substituted with alternate methods.  However, use of theories 
more rigorous than PT2 for external correlation recovery will require considerable 
additional resources, including other classes of transformed integrals. 
   An auxiliary finding here is the very good performance of full CEPA(0), which closely 
tracks the triples-corrected CC results for the six chain types and 36-molecule benchmark 
set, where the MUE relative to CR-CC(2,3) is 0.21 millihartree/electron (we briefly note 
here that the HyCE method MUE is only approximately double that of CEPA(0)).  It is 
clearly apparent that although they share the same N
6
 cost, CEPA(0) is a considerable 
improvement over CCSD.  With regards to reaction energetics, the good performance of 
CEPA(0) (equivalent to LCCSD) and closely related methods is known in the 
literature
50,51,52
.  However, total correlation energy recovery analyses as systematic as that 
presented here do not seem to have been discussed before. 
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Table 1. Performances of various correlated methods for the smallest chain 
molecules (6-31G(d) basis sets used). CI6 and CI8 signify traditional CI with 
excitations up to six and eight electrons from the RHF determinant. Total CI6 
energies and corresponding differences are shown, in Hartree units. 
 
 
  
Method H2CO C2H4 C2H2 HCN 
CISD 0.031 544 0.030 380 0.029 667 0.032 024 
MP2 0.024 201 0.037 591 0.028 235 0.022 073 
AQCC 0.012 082 0.011 499 0.013 887 0.015 031 
CCSD 0.010 055 0.009 681 0.011 536 0.012 423 
ACPF 0.006 726 0.006 257 0.008 356 0.009 101 
CISD+Q 0.004 822 0.004 481 0.005 520 0.005 975 
CISDTQ
 
0.001 780 0.001 822 0.001 791 0.001 914 
CCSD(T) 0.001 350 0.001 021 0.001 236 0.001 463 
CCSDT 0.000 829 0.000 413 0.000 848 0.001 226 
CEPA(0) 0.000 166 −0.000 176 0.001 334 0.001 600 
CR-CC(2,3) 0.000 351 0.000 080 −0.000 001 0.000 299 
CCSDTQ 0.000 004 −0.000 004 0.000 069 0.000 107 
CI6 (Total E) −114.185 202 −78.319 106 −77.089 655 −93.171 946 
CI8   −0.000 039 −0.000 040 
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Table 2. Molecules and related data used in correlation benchmark study.
a
 
a
This list is sorted first by the number of valence electrons and second by the magnitude 
of the electron correlation energy (see supporting information). 
b
The cc-pVTZ basis sets 
were used. 
 
Formula Molecule name 
Point 
group 
Basis
b
 
functions 
Valence 
electrons 
Valence 
orbitals 
CH4 methane Td 86 8 8 
H2O water C2v 58 8 6 
CN
−
 cyanide anion C∞v 60 10 8 
B2H6 diborane D2h 144 12 14 
H3P=CH2 ylide Cs 139 14 13 
H3CNH2 methylamine Cs 130 14 13 
H5O2
+ 
Zundel cation Cs 145 16 13 
SCN
−
 thiocyanate anion C∞v 99 16 12 
H2COCH2 epoxide C2v 146 18 16 
HCOOH formic acid Cs 118 18 14 
H3CNHNH2 methylhydrazine C1 174 20 18 
SiC3H8 silacyclobutane Cs 241 24 24 
(CH3)2Si=O dimethylsilanone C2v 213 24 22 
(NH2)2C=O urea C2 176 24 20 
NO3
−
 nitrate anion D3h 120 24 16 
C4NH5 pyrrole C2v 220 26 25 
FOOF dioxygen difluoride C2 120 26 16 
(H2N(CH)3NH2)
+ 
trimethine cyanine C2v 248 28 27 
C5H10 cyclopentane C1 290 30 30 
C6H6 benzene D6h 264 30 30 
N(CH3)4
+
 tetramethylammonium Td 318 32 32 
Si(CH3)4 tetramethylsilane Td 327 32 32 
C6H8 all trans-hexatriene C2h 330 32 32 
N2O4 dinitrogen tetroxide D2h 180 34 24 
C2H5OC=ONH2 ethyl carbamate C1 278 36 31 
(H2N(CH)5NH2)
+
 pentamethine cyanine C2v 336 38 37 
(NH2C=O)2NH biuret C2 280 40 33 
CH2(COOH)2 malonic acid C2v 266 40 32 
C4N3OH5 cytosine C1 310 42 37 
B10H14 decaborane C2v 496 44 54 
C7H16 heptane C2v 434 44 44 
C10H8 naphthalene D2h 412 48 48 
SF6 sulfur hexafluoride Oh 219 48 28 
HC11N cyanopolyyne C∞v 372 50 49 
C4H8N2O3 glycylglycine C1 382 52 44 
(CH(OH)COOH)2 tartaric acid Ci 384 58 46 
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FIG. 1. Total correlation energies per electron, as a function of the chain lengths of six molecules, for 
the indicated quantum chemistry methods. The CCSD(T) results are very close to those of CR-
CC(2,3), and so are omitted for clarity. Each plot has the same y-axis scale, and the diamonds in the 
top four panels are the CISDTQ energies for the smallest chains. Methanol was chosen as the 
smallest chain molecule for the bottom two panels (polyoxymethylene and (poly)glycine) and acetic 
acid was chosen as the second in the series for the bottom right panel ((poly)glycine). Results are for 
the cc-pVTZ basis sets. 
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FIG. 2. Internal (valence) correlation energies per electron, as a function of the lengths of six chain 
molecules, for the indicated quantum chemistry methods. The computations only excited into the 
VVOs, and used the cc-pVTZ basis sets.
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FIG. 3. CEPA(0) internal (valence) and external correlation energies per electron, as a function of the 
lengths of seven chain molecules. The CEPA(0) internal correlation energy is computed by exciting 
only into the VVOs while the CEPA(0) external correlation energy is defined as the difference 
between the total and internal correlation energies. Results used the cc-pVTZ basis sets.
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FIG. 4. The top left panel shows the total correlation energies recovered by the CR-CC(2,3) 
(black) and CEPA(0) (magenta) methods (cc-pVTZ basis), for the 36 molecules in the test set, 
plus three molecules added near the origin (only for this panel). Note that the two sets of points 
are almost indistinguishable. The two right panels show the internal (blue) and external (red) 
correlation energies (CEPA(0)) as functions of numbers of electrons (top) and bonds (bottom). 
All best fit lines are forced to pass through the origin. The bottom left panel shows the internal 
and external correlation energies per orbital. See text for further discussions of all panels.
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FIG. 5. Plots of CEPA(0) correlation energies vs. numbers of virtual orbitals for 
(clockwise from top left) naphthalene, formic acid, SF6, and FOOF. Orange lines show data 
using VVOs + external orbitals (both sets individually pseudo-canonicalized) and black lines 
show data using Fock orbitals (fully canonicalized). Each curve starts where the number of 
virtual orbitals equals the number of VVOs, and ends where excitations are made into all the 
virtual orbitals of the basis set. The cc-pVTZ basis sets were used.
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FIG. 6. Total correlation energies per electron, as a function of the lengths of six chain molecules, for 
the CCSD(T), CR-CC(2,3), CEPA(0), and HyCE methods. The y-axis scale in each plot spans 
0.0045 hartree/electron, making each panel directly comparable. MP2 and CCSD curves are shown 
in order to better gauge the HyCE results. The cc-pVTZ basis sets were used.
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FIG. 7. The left panel shows the total correlation energies per electron recovered by the CR-CC(2,3) 
(black diamonds) and HyCE (blue crosses) methods (in millihartree; cc-pVTZ basis sets used) for the 
36 molecules in the test set. The dotted line at value 34.9 millihartree represents the slope of the best 
fit line in the top left panel of Figure 4. The right panels show the difference between the indicated 
method’s correlation energy per electron and the corresponding CR-CC(2,3) value for the 36 
molecules in the test set. The mean unsigned error (MUE) is given for each method; the MUE for 
CCSD(T) is 0.05 mh.
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